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Abstract 

The Klein - Gordon ~ Schrodinger system with Yukawa coupling is shown 
to have a unique global solution for rough data, which not necessarily have 
finite energy. The proof uses a generalized bilinear estimate of Strichartz 
type and Bourgain's idea to split the data into low and high frequency parts. 

Introduction 

In this paper we consider the Cauchy problem for the (3-|-l)-dimensional 
Klein - Gordon - Schrodinger system with Yukawa coupling: 

iVt + AV' = -(f)ip (1) 
0tt + (-A + l)0 = IV^P (2) 
V^(O) = iPo , m = <Po , MO) = <Pi (3) 

Here ij: : x R ^ C is the nucleon field and (p : R^ x R ^ R the meson field. 
This system satisfies the conservation laws (23) and (24) below. It is well-known 
that these conservation laws imply the existence of a unique global solution for 
data Vo G H^'^{B?),^o G -H'^'2(R^), G L'^{B?) with G C70(R, /fi'2(R3)), g 
C0(R,f1'2(r3)) n C1(R,L2(r3)) (cf. [1], Thme. 3). The same is true for data 
i^o E //"'2(R3),</.o G F™'2(r3),,/,i g F"^-i'2(R3),m G N,m > 2 (cf. [2]). 

Our main results are local existence and uniqueness for data (V'Oj^Oj^i) G 
ff*'2(R3) X i?™'2(R3) X F"-^'2(r3) with s = m = and more regular data 
(Theorem 2.1) and global existence and uniqueness for data without finite energy, 
namely under the assumptions 1 > s, m > 7/10 and s + m > 3/2 (Theorem 6.1). 

We use Bourgain's idea ([6], [7]) to split the data into low and high frequency 
parts in order to prove global well-posedness for rough data for which the con- 
servation laws are not directly applicable. This technique has been successfully 
applied to other problems ([8], [14], [15], [19], [21], [24]). We should also mention 
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that for problems with a scahng invariance (which is not true in our situa- 
tion) improved and sometimes optimal global-wellposedness results were given by 
CoUiandcr-Keel-Staffilani-Takaoka-Tao using the so-called "I-method" ([9], [10], 
[11],[12],[13]). 

We also rely on [17] for the local theory and the framework for the technique. 
The key point is a new smooth ing estimate for the nonlinearity (ptjj in equation 
(1) given in Lemma 1.5 which is a generalized bilinear Strichartz type estimate. 
A similar estimate has been given before by Bourgain for the pure Schrodinger 
problem ([6], [7]). 

The paper is organized as follows. In Section 1 the estimates for the nonlin- 
earities are given along the lines of Ginibre, Tsutsumi and Velo [17] in the X^'^- 
spaces, which were introduced by Bourgain ([4], [5]), Klainerman and Machedon 
([22], [23]) and Kenig, Ponce and Vega [20]. 

For an equation of the form 

iut - ip{-iVx)u = (4) 

where (p is a measurable function, let X^''^ be the completion of >S'(R^) with 
respect to 

= II <^>^<T+^(e) >''/(?, t)||^| 

For ip{^) = lb < ^ > we use the notation Xj*" and for ip{^) = j^p simply X^'^. 
For a given time interval / we define 

ll/llx-.'-m = Jnf ||/||x'>,6 and similarly ||/||^«,i>(J^ 
f\i=f =^ ^ ' 

In Section 2 we transform the system into a first-order system for (V^, (^_|_, 0_) 
and give the local wcU-posedness result as a variation of a result of [17] for the 
Zakharov system. Especially we have local solutions in all those cases where we 
want to show the existence of a unique global solution. 

In Section 3 we split the data into sums tpo = ipoi + '002 j 00 = 0oi + 002 j 0i = 
011 + 012 , where the low frequency parts ('0oi)0oi)0ii) are regular with large 
norms and the high frequency parts ("0025 0O2, 0i2) are just in iJ^'^xiJ"*'^ xiJ'""^'^ 
with small L^-norms. 

In Section 4 the solution (■0, 0+, 0_) of the corresponding first order problem 
with data (V'oi, 0o+i7 0o-i) is further investigated on a suitable time interval / 
using the conservation laws and Strichartz type estimates. 

In Section 5 we consider the system fulfilled by ('0) 0±) = (V' ~ V'l 0it ~ 0±) 
with data (V'02, 0o±2) and construct a solution on the same time interval /, thus 
giving a solution of our original problem on /. The inhomogeneous parts w of 
and z-j- of are shown to belong to H^'^(Tl^), thus to be more regular than the 
homogeneous parts e^^^ijjQ2 and \pQ±2 which belong to H'^''^{R?) and 

i?™'2(R^), respectively. 

In Section 6 we show that the process can be iterated to get a solution on 
any time interval [0, T] . One constructs solutions step by step on time intervals 
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of equal length taking as new initial data at time |/| the triple + 
w{\I\), + 2;-t-(|/|)) and repeating the argument on [|/|,2|/|]. In each step 

the involved norms have to be controlled independently of the iteration step in 
order to be able to choose intervals of equal length. 

We use the following standard facts about the spaces X^''': 
if u is a solution of (4) with u{0) = f and a cutoff function in Co°(R) with 
suppi; C (-2,2) , = 1 on [-1,1] , ^{t) = ^{-t) , i^{t) > , := i^{t/5) , 

if < 5 < 1 , we have, for 6 > : 

IIV'iwIlx-''' ^ c||/||^.,2 (5) 

If V is the solution of 

ivt + (p{-iV^)v = F , v{0) = 
we have, for 6' + 1 > 6 > > 6' > -1/2: 

\\^sv\\xs,b <cS^+^'~^\\F\\^,y (6) 

(for a proof see [17], Lemma 2.1). 

We have X'^^{I) C C^{I ,H'^'^{Yi^)) , if 6 > 1/2 , / C R. 
The following interpolation property holds: 

x;'''(/) = (X^O'''o(/),X^-^H^))[e] 

where 0<e<l,6=(l- 6)60 + 661 , s = (1 - e)so + @si (see [24], Chapter 
0). 

We also use the following consequences of the Strichartz type estimates for the 
Schrodinger equation in R'*: 

For 0<|=n(^ — i)<l the following estimate holds 

V*^M\lI{i,li{h.^)) < cWMIlKk^) (7) 

and implies 

\\f\\Lni,m < 4f\\^o,^,^,^ (8) 

The dual version also holds: 



where q', r' are dual to q, r. 

Similarly, for the Klein-Gordon equation, let < | < min((ra — 1)(^ 
n(i - i) - I = and A = -A + 1. Then 



This implies 



|e=^'*^ ^ ^o|Il9(/,lj(r'i)) < c||(/>o||j^M.2(j^„-, (10) 
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and its dual version 

<4f\\r,'nr.r'^^n,, (12) 



(see [17], Lemma 2.4 and [18]). 

Finally we use the following notation for A G R : < A >:= (1 + A^)^/^, and a+ 
(resp. a—) denotes a number slightly larger (resp. smaller) than a. 

Acknowledgment: I thank A. Griinrock for many helpful discussions. 

1 Bilinear estimates 

Lemma 1.1 Assume P G C°°(R",R) , V e C^{W) with VP on suppi/j. 
Then the following identity holds: 

[ 5{P{xmx)dx= f J^idS. 
■/R" J{P{x)=o} |vP(a;)| 



Proof: We assume w.l.o.g. that on suppip we have ^ for some fixed j. 

Otherwise we take a smooth resolution of unity {wj}jLi s. th. on suppwj we 
have this property. By [16], p. 215 we have (where H = Heaviside function): 



6{P{x))^p{x)dx = / H'{P{x))^p{x)dx 

dP , . ip(x) , f d tpix) , 



= f H'{P{x)) — {x)^^dx = f (H{P{x)))^ 
jRn dxi 4z^{x) Jnr^ dxj Siiix) 

dx 



dxj 



L^^^^^^^A- (|(x))'" - ~ L.>o} Ox, [^ix)) 
f jjjx) _ f ipjx) 

hPi^)=o} §^{x) J{P{^)=o} |VP(x)| 



by Gauss' theorem, where ^{x) = — |vp(xj | denotes the outer normal. 

Now, let {(/)j}^Q be a smooth resolution of unity in , i.e. supp(f>o C {|^| < 2}, 
suppcp, C {2^--i < lel < 2J-+i}(j > 1) , ET=oHO = IVe € R3 , < 0,(0 < 
1 Vj, ^ , 0j e C°°(R3). Define the operators Paj := ^'^(pjJ' , j = 0, 1, 2, ... . and 
Pi:=Y.UPn- 

Let A denote — A + 1 in the sequel. 

The following generalized Strichartz inequality holds: 

Lemma 1.2 For Z, m G N U {0}.- 

||e**^PA;V'ie^**^'^VA,nV'2||L2(R,L2(R3)) < c2™-i||PAiV'l||Li(R3)||^'AmV'2||Li(R3) 
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Proof: Case 1: Z > 2 



= I e-^*(l«il'±(l^2|2+l)V2-|r,i|2^(|r,2|2+l)V2) 

4>i (6 ) V'l (6 ) 4>m (6 ) {C2)4>i{vi)^i{m)4>m {m ) ^2 {m)didtd^i drji 

•I £,i+£,2=e,=m+m 

< / \Uil)Mil)<t>m{i2)Mi2t 

( / 5(lr,i|2 ± (|r?2p + 1)^/' - ICiP T + l)'/')^Km)^m(??2)cir?i)«i 
•'HI +r)2=£ 



'»7i+?72=£ 

where 4>l ■= (t>l-i + (pl + (pl+i = 1 on supp^i. 
Define now 

P(r?i) := |r?ip ± (|r/2p + if'^ - T + if'^ , V2 = ^ - m 

Thus 

|V,.P(.,.)I = |2.,.± ,^^__'''-^^^.,, I>2|,.|-1 

Because supp<j)i C {2'~^ < < 2'+^} we have for Z > 2: 

I V,,, P(7/i) 1 > 2^-1-1 > 2^-2 
Now using Lemma 1.1 we get 

m^i) = I s{Pim))Mvi)Mv2)dvi 



dS 

P(»;i)=0,ryi+r,2=? |V^iP(??l)l 

< 2-'+2 / 4>rn{i-r]l)dSr,, 
JP(m']=0 



P(r,i)=0 

/{P(,,i)=0}n{?jieR3 : |4-?7l|<2'"+2} 

< c2~'"'"^ 2^(^+2) 
= 2^""-' 



Thus 



< C22— ^ / |<^/(ei)V^l(6)<^m(6)V^2(e2)|'«l 



Case 2: l<l 

using Strichartz' inequalities as follows: by (7) with g = 4 , r = 3 we have 

l|e^*^PA/V'lllL^ < cy'^^PAiM , . 4,3 < 4PaiM . 1.2 , 

Lf^l' (R3) 

and by (10) with q = r = A , /j, = —1/2: 

||e^^*^'''PAmV'2|L4^4 < c||Pa^V2|L 1 , 

* " HS (R3) 

Now ||PAiV'i|Li,2 < c||PAiV'i||L2 and ||PAmV'2|Li 2 < c2^\\Pl^mi^2\\Ll gives the 
claimed result. 

Lemma 1.3 If < s < 1/2 the following estimate holds: 

Proof: With P_i := we have 

||g*tA^ ±iMi/2 II ^ ^^^^ hm l|e**^PivUie±**^'^'Piv«2|U2„..2 

N" 

< hm 5]||e^*^P,nie±^*^''V,n2-e^*^Pi_inie±^*^''>,_i«2||i2^.,2 

00 CX) 

< E l|e'*^^'A/t^ie±^*^''V/n2||^2^.,2 + ^ ||e^*^Pi-iUie±^*^''VAitX2||^2^.,2 
1=0 * i=o * 

=:Si + S2 

Now 

He''^PAiUie^''^'^"PiU2m = [H(^''''PAini)*ne^''^''"PiU2)m 

= f f H^'^PMUimme'^''^"'' Pmm)di,d^2 

where |^| < 2'+^ because of 2'"^ < |6| < 2'+^ and |^2| < 2^+^ so that 

suppT{e^^^P^lUie^^^^''^ P1U2) C {|^| < 2'+2}. 

Thus 



■'-'t X t ^ 



< c2^'y'^PAme^''^'''PiU2h2^ 



so that by Lemma 1.2: 

oo 



1=0 

oo 



/=0 n<l 

oo 



1=0 n<l 

oo 

< C^2^(-i)^2«l|ni|U|||PAnn2|k. 

oo 

= 2'(''-^) ^ 2"2-'^("+5+)2'^("+5+) \\ui\\l2 \\P^nU2\\Ll 

1=0 n<l 

oo 

oo 1 

< cE2'(-i)2^(i— 1^., (if.<-) 

oo 

= cE(20-)'||ni|U.||n2|| 1^,, 

< c||ui||i,2||n2|| +i+,2 

In order to estimate S2 we use Strichartz' inequalities again to conclude as above: 

00 

1=0 

00 

-,sl\[„itAr, II lUitiMi/2 



< c$:2^'||e'*^P,_i..i||^.+^6-||e±^*^^ Pa,^2|Uj.-^3+ 

00 

< cJ2r'\\Pi_iUi\\Ll\\PAlU2\\^^+,, 



1=0 

00 



< cE(20-)'2'(^+)||«i||^.||PA;n2|| 1+,, 

1=0 

00 

< cE(20-)'||^xi||^g||n2|| +1+,, 

< C||ui||i2||^i2|| .+ l+,2 

This completes the proof. 

The following lemma is a direct consequence and a bilinear version of [17], 
Lemma 2.3. 

Lemma 1.4 For < s < 1/2 the following estimate holds: 

11^1^2 ||i2(R_^|,2(R3)) < C||i;i 11^0, 1+1^211^^+1+,! + 



Proof: We define U^,{t) := e^*^ , U^^{t) := e±^*^'^' and start from 
Thus by use of Lemma 1.3 we get 



< J J ||C/^i(t)(^tt/^i(-i)^^i)(n)f/<p2(t)(-5^i^7^2(-0^2)(T2)||^2^«.2dridr2 
/ / ll(-^t«^^iHK)(n)||Lgll(^t«:^v^.H)^'2)(T2)|| +i+,,dridr2 

J J tig. 

(/ < r2 >-^- dnt^ij < r2 >i+ ||(^tt/^.(-i)^2)(r2)f ,^i+,,dT2)^ 



< c 

< c 



<c|hl||^o,^+ll^2|,^.,5,,,, 



Corollary 1.1 T/ie following estimates hold for < s < 1/2; 

\\un\\ n 1 < cll'f^ll r2/D jj- s,2s ||?7.|| 1 , 1 , 

Here u and/or n can he replaced by u and/or n on the left and/or right hand 
side. 

Proof: By Lemma 1.4 the mapping X^'^^^ LfHp^ defined by u i-^ un is 
bounded by c||n|| i^. Thus the dual mapping L^H-''^ X°'-2- defined 

hy u un has the same bound, i.e. 



\un\\ n 1 <c nL2H— s,2 m i. i . 

I llx°'~2 " ll^t-fix 'I llj^2 2 + 



Because 



J J\<r+\^\ >^+<C>'+-2+^C,r)fd^dT 

J J <T + \^\>-2+<^>'+-^+n{-^,-T)fd^dT 

J J <f-\i\>^+<i>'+-2+n{lf)Mdf 



= \\n\\'^ 1 + 

we can replace n by rT on the left and/or right hand side of the claimed inequality. 
Trivially u may be replaced by u on the left and/or right hand side. 

The key estimate for the nonlinearity in the Schrodinger equation is given in the 
following 



Lemma 1.5 Ifs>Q,0<a< 1/2 the following estimates hold: 

||«n±||^,__i_ < c(||«||^o_i + ||n±||^,_i^i+ + ||?x||x--.o||n±||^,+ i+_i + ) 

Here u and/or n± may be replaced by u and/or n± on the left and/or right hand 
side. 

Proof: We take the scalar product with a function w G X~^'^'^ and estimate 
I j {un±){xi,ti)w{xi,ti)dxidti\ = \ j j H^2,T2)n±i(.,T)id{^i,Ti)d^idTid^2dT2\ 
where ^ = — ^2 , r = ti - T2. 

We split the integral into the parts Bi : < 2|^2| and B2 : |^i| > 2|^2|- 
Estimate of Bi: 

We use the notation ai = Ti + {i = 1, 2), (T± = r ± |^| and Corollary 1.1: 

\ j H^2,T2)n±{^,T)w{^l,Tl)d^ldTld^2dT2\ 

= I / < 6 >'< c^i >~^~ ( / u{^2,r2)nii^,T)d^2dT2) ■ 

• < >~^< 0-1 w{^i,Ti)d^idTi\ 

< II < Cl >*< (^l >^^~ / u{^2,T2)nii^,T)d^2dT2\\L2 \\w 
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<c||<Cri> 2 / <^2>^ u{^2,T2)n±{^,T)d^2dT2\\L2 ||u;|L_,1h 



^s/2 

<cpV\||^.^-..2||n±|| 



c||(^^/2^)n±||^o,_i_||«;||^_,,i^ 



< c||m|U»-.o||w±||^,+ i+,i+||w^||^_,,1h 



Estimate of B2: 
Define 



^2 :=< >2^ n, v :=< ^ > 2 < cr± >2^ n± , :=< ^1 > <ai>2^w 
so that 

IKII^o,^+ = II«2||l2^ , l|n±ll = II^IIl2^ , lkll;,-.,^+ = II^iIIli, 

In B2 we have 

^iai<l6|-|6l<ICI<l6l + l6l<^ICi| 



and 



z± := |6l'-|6l'T|ei = (f^i-Ti)-(a2-r2) + (T-a±) 

= (Tl — (72 — (7± + r2 — Tl + r = 0"l — (72 — cr± 



Thus 



This implies 



and 



^ 10 = ^16^-10 



161' < 161' - 161' T 1^1 + 10 < + 1(721 + |(7±| + 10 



< 6 >2< C (Tl >4 + < (72 >4 + < a± >4^ 

Therefore wc get 

/ / u{^2,T2)n±{^,T)id{^l,Tl)d^ldTld^2dT2 

J Bo. J 

vivvi < 6 



'B2J < <T2 >2 + < CT± >2 + < ^ 2<cri>2 



<-II 
<-II 



\v2VVl\ < 6 >2 



< (72 >^ + < Cr± >i + < (71 >2-r 

It^truTI ( < CTl >4 + < £72 >4 + < f7_|_ >4 



— d6(iTi(i6^^''"2 

(i6<^''"i<^6<^'^2 



< (72 >2 + < a± >2+< £71 >2 + 



where 



<h+l2+l3 



h = 

/2 = 
h = 



1 

< (7± >4" 


'"< (71 >2 + < (72 >2 + 






1 

< (7± > 2 " 


(71 >3 + < (72 + 







T-d^idTid^2dT2 



T-d^idTid^2dT2 



< (7± >^ + < (71 >5 + < (72 >2 + 



T-diidTid^2dT2 



Our aim is to estimate each of these integrals by 
c||^^||l2 I|i'i|Il2 ||?;2||l2 = c||n±|| 1 1 



\u\\ n ru^ 



These estimates together with the estimate of Bi imply the claimed results. 
I2 and J3 can be treated in exactly the same way, so we are left with Ii and l2- 
Estimate of I\: 
By Holder's inequality we get 



h < ||^-H< ^± >-^" I^I)IIl|l2 n ll-^"H< >"^" 



i=l 
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Using Strichartz' inequality for the Schrodinger equation we get from (8) with 
/:=jr-i(<c7i >-^- \vi\y. 



||J^ ^(<CJi> 2 |{?i|)||^8/3^4 < C||J^ H<f^i> ^ \Vi\)\\^o^l+ = \\Vi\\xO,0 = \\Vi\\L2^ 

Similarly using the trivial estimate uqWl^ lI ^ c||uo!Il2 we get 

< c\\w\\ 0,1 + - Interpolating with ||iu||i2^2 = ||i(;||^o,o we arrive at 

||ii'|lL4j;^2 < c\\w\\ With w := J^~^{< a± >~*~ \v\) this implies 

l|jp-i(< (7± >-i- \v\)\\l'^li < 4^~\< ^± >~^" 1+ = 11^^11x0'° = \Hli, 



Thus Ii is estimated in the desired way. 
Estimate of I2: 
We have 



h < ||^-^(<a±>-^M?^l)llL--L2|l-^"'(<'^l>"^"M^^I)llL?+L3+ 



-•t -^a: 



Now, as above, ||u'||x,oo£^2 < c||w;|| 0, i + - Interpolating with ||t«||^2^2 = ||it)||j5^o,o 
we get ||t/;||^cx>-^2 < c\\w\\ 0, i + - With w := J^~^{< a± >~2~'^ \v\^ this implies 



||J^ n«^±> ^ ' <c||J^ H<^±> ^ ' 1^1)11 o,i+ <c|b||jfO,o =c||t;||i2 

Using Strichartz' estimate for the Schrodinger equation we get from (8): 

and, finally, from ||/||^2+^6- < c||/|| i+ and the trivial identity W/Wl^l^ = 
11/11x0,0 we get by interpolation ||/||^2+^3+ < c||/||^o i + . 

With / = J^~^{< (71 >~^~^ \vl\) this implies 

\\J^-H<a,>--^-^\n\)\y+^s+ < c||.F-i(< (71 >-i- 1^^1)11^0,1 + 

< 611^111x0,0=011^111^2^ 

which completes the proof. 



2 Local existence and uniqueness 

The system (1),(2),(3) is transformed into a system of first order in t in the usual 
way. Defining ^ := — A + 1 and 
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we have 

= ^(0+ + </._) (13) 
2iA-^(t)t = </'+-0- (14) 
and the equivalent system is 

iVt + AV- = ~i<P+ + ^-)^lj (15) 

i^±tTA^4>± = tA-H\^\^) (16) 
V'(O) = Vo, </'±(0) = </)o±a-^</,i =:(/,o± (17) 

The corresponding system of integral equations reads as follows: 

m = e'^'^^o + i f e'('-'^^liMs) + <t^~{s)ms)ds (18) 
Jo ^ 

</.±(t) = e^^*^^(/>o±±i /*e^^(*-^)^^^-^(|V'(s)P)cis (19) 

Jo 

We always assume t £ I = [0, \I\]. In this case wc could, whenever helpful, place 
a factor i{Ji{t) in front of the first terms on the right hand side and a factor 
'(/'|7| (t) in front of any of the integrals without changing the equations at all. Here 
V' G Co°(R) is a nonnegative cutoff function with ip{t) = if \t\ > 2, ^{t) = 1 if 
|t| < 1 and Mt) := V'd)- 

The decisive estimates for the nonlinearities follow from the corresponding results 
for the Zakharov system in [17] as follows. 

Lemma 2.1 The estimate 

holds, provided s>0,2s>m — l,s>m — 2. 

Proof: follows from the proof of [17], Lemma 3.5 with I = m — 2, k = s, c= ^— , 
h = i+. 

Lemma 2.2 Let m > , s < m+1. Then the following estimates hold for e > 0: 



ll'^±V'll^..-i+ < c||<A±il ^.iJlV^ll^.i^ (21) 
||</'±V'll^o,-i-e < c||</)±||^o,i+J|V'||^o,i+, (22) 

Proof: [17], Lemma 3.4. 

The following local wellposedness result is a direct consequence of (20) and (21). 

Theorem 2.1 Let s and m satisfy s,m>0,m — 2<s<m + l,2s>m — 1. 

Then the system (1),(2),(3) with initial data 

(^o,0o,0i) e H'^'^{B?) X ii-'"'2(R3) X ii'"*-^'2(R3) 
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has a unique local solution 

{u, (j), 4>t) 

We also have 

u e C\[0,T],H''\B?)), (f) e C°{[0,T],H'^'\B?))r]C\[0,T],H'^-^'\-R^)) 
Proof: as in [17]. 

Remark: Especially the range 0<s<l,0<m<lis admissible as well as 
s = m = 0. 

3 Energy bounds and decomposition of data 

It is well known that the following conservation laws hold for the system (1),(2), 
(3): 

= : M{^p) =: M (23) 



\\vmf+li\\Ahit)f+\\Mt)f)- imi'mdx =■. e =■. E(V',<^,</.t) (24) 



By Gagliardo-Nirenberg we have 



< II'^IIl6||VII^^ <c||v<^||||vv||^||V'll^ 



(25) 



This implies 



llV^f + l(P^(i)|p + \\Mt)f) < E+\\\Ahit)f + \\\Vmf + ciM^ (26) 



consequently 



||VV'(i)f < 2{E + ciM^) 
\\A^<Pit)f + \\Mt)f < 4(£; + ciM6) 



(27) 
(28) 



We also have 



E{^,cl>,cPt) < \\V^f + -{\\A-2mf + Utf) + 



\il}^(t)dx 



< l\m\' + li\\Ahit)f + Utf)+ci\m' (29) 

Consider now data 

with < s, m < 1. 

We split these data into sums as follows: 



■00 = '001 + V'02 , ^/'O = (l>01 + (l>02 , <t>l = (t>ll + (t>l2 
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where, for A?" > 1, 

V'oi := / e'<''^^>MOd^ 

J\i\<N 

and 001 ) 9^11 are defined in the same way. 
One easily shows 

UoiWh',^ < ciV'"'||V'o||f/-,2 iorl>s , HV'oill < llV'oll 
Uo2\\m,2 < cN^~' iorl<s 

and similarly 

I|0oi||//i,2 < cA^'""||(/'o||h™.2 {orl>m , ||^lioi|| < ||'?!'o| 

||<^02||iJi,: 



< cAT'-"^ for Km 



\\(f>ii\\iji-i,2 < cN^ "'||0i||jjm-i,2 iorl>m 
||012|1h'-i.2 < cA^'""" iorl<m 

Thus we have the following global bounds for the solution {^,(f)) of (1),(2) with 
data (V'OI) 9^01) 011 ) - known to exist by [1], Thme. 3 - by (29): 

E{i>,4>,4>t) < ^llVV'oill' + ^dl^^^oif + ||0iif)+ci||Voif 
and thus by (23), (27), (28): 

wmw < M (31) 

\\Vm\\ + \\AHm + \\Ut)\\ < cN^-'^^ (32) 

The corresponding global solution {'ip,4>±) of (15), (16) with data ipoi, 0o±i '■= 
001 ± i^~2 0ii therefore fulfills 

\\Vm\\ + \\A^Mm<cN'-^''"' (33) 

where c depends essentially only on c (the initial energy) and M on the initial 
L^-norm of ip. 

4 Further bounds for the regular part 

Consider the system of integral equations (18), (19) with (V'O)0o±) replaced by 
(V'oi,0o±i) and {ip,4>±) by (V^, 0±)- Here 0o±i := 0oi ±iA~2(f)i^. 
Let < f = 3(i - i) < 1. By (9) we get 

ll/llxO.-^(.) ^ (34) 
Interpolation with the trivial identity ||/||xO'0(7') = ll/llL|(i',L2(R3)) gives 

x°--^+(7) ^ '^II^IIl7'+(7,ls'+(r3)) (35) 
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and also 

ll-^llx^--^ + (7) ^ ^ll-^llL7'+(/,i/i-'+(R3)) (36) 

We assume |/| < 1. Applying this estimate to (18) we get by (6) and the remarks 
following (19): 

^1,1+^^) < 0(11^^01117/1.^ + II _^*e^(*-^)^^(^+(5) + ^-(^))VJ(5)ci^||^i.i+(,^) 

< cdlV'oillifi.^ + ||(^+ + ^-)V^||^i,_i+(^p 

< cdlV'oilki.a + ||(^+ + 0-)^||^y+(^^^iy+p 

Choosing 7 = 4— , p = 3+ , 7' = |+ , p' = |— we estimate 

||^±V^||^y+ < c(||(V0±)^||^,,+ + ||^±V^||^,.+) + ||^±V^||^,.+) 

< c(||V^±||i2||v;||L6 + ||^±||L6||VV^||i2 + ||^±||l6||V?||l2) 

< ciiv^illiidivv^iu^ + iiv^iu^) 

Thus 

|^,,i+(^^<c(iVi-^ + iV2(i-^-)|I|t-) 
Assume now |/| < N~t^^~^^'^^~ . Then we conclude 

The same estimate also holds true, if we only assume y-^oi ||iji.2 < cN^~^^"^ 

(important remark for the iteration process described later). 

Next wc estimate ||^|| ^ . We again use (35) with 7 = 4—, p = 3+ and 

conclude as before 

< c 

Applying this estimate to (18) we get as before 

M^O,l+(,)<c(||V'Ol||Li + l)<C 

if ||V'oi||l2 < c. 

In order to estimate ||(?!>±||^i 1 + ^^^ we start with (11) and get ||/|| 0,-^- 

< c||/||l1(/,l2)- Interpolation with the trivial identity H/H^o.o^^) = ||/||L2g^i2) 
gives 
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Applying this estimate to (19) gives 

A J. (/) .^O Xj_ (I) 

< C(||(/)0±1 11^1,2 + II ll/^l^ II ,,_„1 



< C(||(/)0±1 11^1,2 +11 IV'P 11^1+ (J_i2)) 



-'t 

We have 

1 3 

|2 



and consequently 



1 ^3 



< c(||(/)o±i 11^1,2 +M^7Vi(i-^^"»)Ar-t(i-*^"*)) 



Especially we conclude 

it ||A,±i|li,.,= < cAf'-'^"- , i.e. + < cJV'-^"". 

We summarize the results obtained so far in the following 
Lemma 4.1 // |I| < Ar-|{i-«Am)- 

llV'oiIki < c , ll^oi 11^1,2 + 11001 11^1.2 + 11011 IIlI < cATi-^^- (3g) 

i.e. 

Uoihl < c , IIV-oill^i.^ + ll^oiilki < cTVi-^- (39) 
the following estimates hold: 



„i, <c , IIV'II ii+ <cA^^-^^™ , ||0±|| .1, KcN^-'^"" 

^Zso the estimates (31), (32), (33) hold under these assumptions. 

Important remark: Here and in the sequel the constants denoted by c depend 
essentially only on c in (30) (and therefore on -E(V', 0, (t>t) and on M). 

5 The part with rough data 

Let (^, 0+, 0_) be a solution of (15), (16) with data (V'O) 00+) 00-) and (-0, 0+, 0-) 

be the solution with data (V'oij 00+1; 0o-i)- 

Define ^ := -0 — '0 > 0± 0± — 0±- Then (i/;, 0+, 0_) fulfills 

iipt + = i'0t + A'0 — i^j + A^/> = —0^0 + ^0 
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= + + h + + + + (40) 

=: i<i + + -^3 =■ ^ 

and 

= ±A-V2((^+^)(^ + ^)^A-V2(^7^) (41) 

=: Gi + G2 + G3 ='■ G 

Furthermore 



-0(0) = V(0) - V'(O) = ^0 - ^/-oi = V'02 
^±(0) = (^'±(0) - ^±(0) = (?io± - </'o±i =: </'o±2 
The corresponding system of integral equations reads as follows: 

ip{t) = e'*^Vo2 - i t e'^^-'^^F{s)ds =: e^*^Vo2 + w{t) (42) 
Jo 

= e^^*^''Vo±2 - i t e^'^*-'^''"'G{s)ds =: e^^*^''Vo±2 + ^±(t)(43) 
■/o 

Here we have 

11^^02 ||^j,2 <c , ||V'02||l2 < cAT-^ (44) 

Uo±2\\hj^,2<c , ||</)o±2 IIlI <ciV~'" (45) 

We construct a solution of (42), (43) in some time interval / using the contraction 
mapping principle. 

We define a mapping S = (Sq, S+, S-) by 

(Som) := e^*^Vo2 + «'(t) 

{S±hm := e^**^''Vo±2 + ^±(t) 

Proposition 5.1 Forl> s,m> ^ and data V02 G Hp'^{K^), (/)o±2 G i^™'^(R^) 
TO^/i (44), (45) o,nd V'oii'Aoii (38), (39) the system of integral equations 

(42), (43) has a unique solution {i(',(l)±) G X^'2 + (/) x (/) in the same 

interval I of the preceding section with \I\ < ]Si^3(^~^^'^)~^ > g), which fulfills 

1. in the case s < m 

< cN-' < cN-'^"^ 



||<^±|| 0I+ < c{N- 6-6' + N-"") < cN 



'x-^ (/) 
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2. in the case m < s 



b±\\ oi, < cN-'^KcN- 



-sAm 



and moreover in any case 



Proof: We use Banach's fixed point theorem in the set Z, where 
1. in the case s < m 



||4lL,..i+^^ <co, ||0±IL 0,1+... <co(Ar-6-6^ + Ar— )} 



2. in the case m < s 



Co is chosen below. 



Now take any G Z. In order to show (-S'oV', 5+^+, S"-^-) G Z we first 

estimate llS'oV'll , i-i- 

By Lemma 1.5 with a = 0+ we get by interpolation 

< cdlV'lL oi+.nll'/'ill Zt oi"! (46) 



(I) 



1 



+iiviL..i+..|/|^ii0±r";i+ u±\\ oT+ ^ 



with 7(s,m) > for 1 > s,m > i. 

Next, by Lemma 1.5 with a = ^— and Lemma 4.1: 
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<c{U\\ o^+,.U±\\ s 1+1+ s ^+^+, M\^U±\\ 1 1+ ) 

s-l s-i 

<c(||V'|| oi+ ll^ill ii+ IIV'II^"7^"I^I^II0±II ii+ ) 

- VIIV^II^o.^ + (^)ll>/^±ll^^^ + ^^^ ^ ll'<-ll^,,i+^^^ll'/^ll^o.i+(^)l I + 

< c(7Vl-2(sAm) _^ ^i-sAm(i + i)^ ^^y-j 

< c(Arl-2(^^"^) ^ ^1-1(1 + 1)^ 

Similarly by Lemma 1.5 with a = 0+ and Lemma 4.1: 

< c(||V^||^o,i + (j)ll0±ll^.-i+,i + ^^^ + ||V^|U^.0(j)||4||^|+,i + ^^^) 



1 , ~ 1 j_ 

2m 



1_S .1-11= nTT±r+ nl 



Now, for s, m > X the last exponent is 

— * 3 lOV* ^ 3 7/ 10* 3 30 ^ 2 10* 5 — 10 5 10 ^ " 

Thus 

ll^0±ll^.+,-^(,)<ciV-^^^''") (48) 

Now we interpolate between (47) and the following estimate, which follows from 
(22) and Lemma 4.1: 

||V^^±||^0,-l-e(,) < ^(ll^±ll;,0,l+e^^^llV^II^0.1+e^^^) 

< g^l-sAm^-sAm _ ^^l-2(sAm) 

This gives ^ 

||^0±||^.,-i + (,)<ciV-^(^'-)+ (49) 

Similarly we treat (46) and (48) and conclude 

lli^ll , 1+ < ciV-T(^'"^)+ 

Therefore, with cq > 2c||'i/'02||_ff''.2(R3) , we have 

'0VJ||^.,l + (^) < c||V'02||i7.,2 +C||F||^,,_1^^^^ < ^+cN-^M+ < CO 
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if N is sufficiently large. 

Next we estimate HS'oV'll o i+ ■ Using (42) we have to control ^ _ 

X ' ^ (J) X ' 

By (35) with 7' = |+ , = |— and Lemma 4.1 we have 

ll'00±ll n 1 + . . < C||'i/'0!)±|| 4 , 3 

^ — 3 

< c||V'||L-(/,Li)ll'/'±llLf>(7,L6)l^l^" 



X°'2 + (7) 



Similarly by (35) with 7' = 2 , p' = | we get 

< c\\ii^\\L^{I,Ll)\\$±\\L^(^i^Ll+)\^\^~ 

X •'^ (I) 

Finally by (35) with 7' = 2 , p' = | again and Lemma 4.1 we get 



(I) 

1. If now s < m we conclude from (52) 

||V^4ll^o,-i + (,) < ciV-i(i-^)-f + (iV-i-H^+iV— ) 

Now —m — g(l — s) < — s 44> |s < m + g. This is fulfilled because 
|m = m + gm < m + |. Thus 

~^±ll 1+ <cN-'- 



2. If m < s, we conclude from (52) 
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Prom (42), (50), (51), (53), (55) we conclude 
1. in the case s < m 



< -N^' + cN-'- 
- 2 



< coN-' 

if Co > 2c and N sufficiently large. 
2. Similarly for m < s we get 



'oV'll^o,i+(,) < cN-' + cN-'- + cN 
< co{N-' + N-^-l"") 

Next we estimate ||S'+q!>±|| „, i , . Assume 

2 1 1, 1 1, 

0<- = 2(---) and l + 2(---) = 

Then wc get by (12): 

Interpolating with the trivial identity ||/||^o,o = ||/||l2(j^^^2) we have 



and also 

<c 



In order to estimate G2 we use (57) with l = 0,p = 2,j = oo and get 
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Choosing i. = (< 1, because m — s < 1) and i = ^^5^2^"^ ^® 

if'*'^ C L^-imf and = i_^_g_j^ , thus by interpolation 

iiv^ii a- <ciiv^iiir+^iiv^iiitr' 

i;, 5-2m 

We get 

ll^^llLi+(7,i/— 1.2) < c||'0iiioc(j_j^.,2)ii'i/;||^';;,™j"^|2)ii^ 
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where 7(5, m) > 0. 

In the same way we estimate G3. Concerning Gi we use (57) with I = m — ^, 
7 = , p = and get by the embeddings if^+'P c B^'P C H^''^ (cf. 

[25], p. 180) and the definition of the Besov spaces B''P (cf. [3], Thm. 6.2.5) 
(alternatively one could also use the so-called fractional Leibniz rule): 

IIH'II l+..^+<c||H2|| 1+,,,^ + 
H 2-"" B 2-'" 



^ roc , ^ ^ fj^ , 

cdii^m ^++(/ {t"-'^ sup M\. + h) - ^^f-)-^) 



+(/ (r-2-2^sup||V^(- + /i)-V(-)ll . ^+)'-)^ll^ll ^ 



\h\<T L^-""^' L?-^''^ 

< c||v?|| ^^.(IIV^II + W .,.,^^,) 

< clival! ^-JIV^II 1,3.^?+ 

This implies 

|||7|2m - n^„ n^n 



(60) 

The Holder exponents p, q are chosen such that 

This requires f > i- • ^ 2"^ > ^ ~ f I ^ ^ ' "^"2~~ h ~ which can be 
fulfilled if^>l = i+i>^.(i-|+i-f^) = ^.(7_ 2^). The 

first inequality holds for m > ^ and the second one, because for m < 1 , s > |: 
T^-(i-i-)<l(i-^) = |-^ = lThus 

2 2 



2 |..^ 



< cA^-3(i-«/^H^ < cAr-T(^'"») (61) 

From (43), (58), (59), (61) we conclude 

< c||(/)o±2||//-,2 + c(||V'V'IIli+(/,h'"-i.2-) + ||V'V'IIli+(/,h— 1.2-) 

< c||</.o±2||ifr.,2+ciV-T(^''") 

< Co 
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provided cq > 2c||(/>o±2 Hh'^-^ and N is sufficiently large. 



Finally we treat ll)?^;^^;!! o,^+ ■ We use (37) and estimate by interpolation 



< ciV-2(*^"*)(^-i) ^-|(l-sAm)-5 < ^^-|_(sAm)(|-i)-5 

because s,m < 1 , s > ^. 

Next we estimate by Lemma 4.1: 

ll'^V'llLi+(7,/f-i.2) 

^ ~ i ~ 1 

< c||'0||L-(/,L2)ll^llloo(j_j;,2)||V'llloo(^^j^l,2)|i"|^~ 

1. If s < m we get 

II^V'llLi+(7,i7-i.2) < cAT-^-t^^-^)-'' < cN-l-^'-^ (63) 

2. If m < s we get 

II?V^IIli+(/,//-i.2) < c(A^-^-f'" + A^-^)7V-|(i-"^)-'5 

= c(Ar-^-'^ + AT-^-f +§"*-'') < cN-"^-^ (64) 

because — s — | + |m < — m < s + |. This is fulfilled, because 



The term j|V'V'llLi+(J,_H'-i'2) is estimated in the same way. 
From (43), (62), (63), (43) we get 

1. in the case s < m: 

\\S±h\\ o,A+_ < c\\ct)o±2\\L^ + cN-l-'e' 

< cN-"^ + cN-l-^'- 

if Co > c and N sufficiently large. 

2. Similarly, in the case m < s: 
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Summarizing, wc have shown that S maps Z into itself. The contraction property 
uses exactly the same type of estimates and is therefore omitted. 

The next estimates show that the nonlinear part w of (42) behaves better than 
the linear part. 

Proposition 5.2 Under the assumptions of Proposition 5.1 the following esti- 
mates hold: 

\\w\\ , 1^ < cA^f-K^^'") 
\\w\\ 1 , < cA^i-|(^^'") 

if in addition we assume s + m > | . 

Proof: By Lemma 2.2 and Lemma 4.1 we have 



lx0'2 + (7) - ^ll^llx0'-3-(7)l 



(65) 



< c(||0±Vll^o,-|-(,) + ll0±^/'ll^o,-|-(,) + ll</'±V'll^o,-i-(,))|/|^- 

< g^jyl— sAm jy— sAm _|_ j\^—sAmj\^—sATn _|_ j\^~-sAm''^j\^—^(l—sAm) — j — 

In order to estimate ^® consider separately the cases s < m and 

m < s. 
Case s <m: 

By Lemma 1.5 with s = 1+ and a = ^— we get by interpolation 



< C(||^±||_l, 1 



1 



(7) + "x'''2 + (7) 

because 

X2+'0(7) Vi7 -ff^ / ~ -L°°(7,773+'2)l I 



,1 , ,,^,,1 



1 



Thus 



^±^llxi+.-^-(7) 



< c||i/;|| 1,1, |7|t < cllV'ir n'f IIV'II'' 1 W 

- ll'^llx2+'2 + (7)l I - "^"x°'2 + (7)"^"x^'2 + (7)' ' 



< c(A^i-2^ + Ari-*-^+i-i+§^-|+) 

5 4 „ (5 , 
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Next from Lemma 1.5 with s = 1+ and a = 0+, Lemma 4.1 and interpolation 



Xi+--2-(7) 



1 1 ^ J_. 

' 2m II J, , II 2m 



1 ^1 



+||V'IL i,i+,.Ji|^||0±||'7r; ll'/'±r::i+ ) 

X (I) Xjl^^ii) x2'^ (I) 

< c(Af-(''^'")(^'2^)+ + Ari-''^™Ar-i(i-"^™)-i+Ar-(*/^'")(i-2^)+) (67) 

< c(7V-(^^H{l-2i;7)+ + iV3-(^Am)(|-2i;)-| + ^ 

< cAfi-(^/^™)(|-2^)-f+ 

4 '5-1- 
= cA^6-3*-2 + 

because — (sAm)(l — < 5 ~ Am)(| — <^ (sAm)| < | which is fulfilled. 
Moreover by Lemma 1.5 with s = 1+ and a = m — ^— and interpolation 



x'^-^-{i) 

A 2 (1) X^^ (I) X^'^ {I) ^± ^ (-f) 



using 



J-m i 



under our assumption s + m > | . 
Thus we get 
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6 _4 d 

< cATe 3* 2' 



Case m < s: 

Prom (66) we conclude 
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= c(Arl-2(«Am) ^ _^l-(sAm)(|-i)-| + ^ 



because 1 — 2(s Am)<| — |(sAm)<;4>l< 4(s A m) which is fulfilled. 
Next from (67): 



^x^+'-^-{i) 



because — m + 5 < | ~ 44> m < 1. 

Next by Lemma 1.5 with s = 1+ , o" = 1 — s+ and interpolation, again using 

s + m > |: 



ll4V^II-i^-i 



,1- 



1 



1 ^1 



<c(MI 1 Il0±ll'7r;" ll</'±ir-V 

3_„_2i2^_5i^ 



m- 



2 



< c(iV5-2™+ + iV-"^+|-s-t+t 
Summarizing we arrive at 

< civi-t(^^-)-f+ (68) 

Now by (65): 

||F||^o,_i_^^^<ciV^-^(^^-) (69) 
Interpolating between (68) and (69) we arrive at 

\\w\\ ,1, <c\\F\\ , 1, < cA^f-K^^"^) 

" + — II llx^'"2 + (7) - 
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The proof is complete. 

The next result shows that the nonlinear part z± of (43) also behaves better 
than the linear part. 

Proposition 5.3 Under the assumptions of Proposition 5.1 the following esti- 
mates hold 

\\z±\\Loo(i,m,2) < ciV-5-(^/^'")(|-^) (70) 
\\z±\\ „,i+ < cA^-(*^"*) (71) 

Proof: The estimate (71) is already proven in Proposition 5.1. 

In order to prove (70) we estimate by interpolation and Lemma 4.1: 

II^'0IIl1(7,L2) < ||'0||l-(7,L3)||V'IIl-{7,L6)|/| 

< c||V^||J^^Y/,L2)IIV'IIFoc(j_^«,2)||^||loo(/,H1>2)I^I 

< cAr-(*^H{i-^)_/v^~*^"^iV~t(^~*^"^)~'' (72) 

The term is estimated in exactly the same way. 

Finally we use Strichartz' inequality for the inhomogeneous Klein-Gordon equa- 
tion uu + Au = f, u(0) = ut{0) = (cf. [18]): 

ll'"llL°°(/,i?1.2(R3)) < c||/||i7'(7,H-!.p'(R3)) 

which holds if / 2(i - i) = and i = i - i. Choose I = -s+ , p = , 
7 = |— , p' = , 7' = ^^'^ estimate using Besov norms as in (60) or 

alternatively by the fractional Leibniz rule: 

Choose p = , q = 1 + s— and interpolate (for s > I): 



2| 



< ciiv^iiSj^^2)iiv^iir^^t.)i^i'^- 

Now we have -{s A m)^^ - ^ • |(1 - s A m) < -5 - (s A m)(| - ^) if 
-(sAm)^f^-|(l-sAm) < -g - (s A m)(| - ^) <^ (sAm)(^-|) < g- This 
holds if 1 - |(s A m) = (s A m)(^ -|)<i<^|<sAm. This is fulfilled, 
because jq > ^- Thus the decisive estimate is (72), which directly leads to our 
claim (70). 
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6 The iteration process 



In the preceding sections we constructed a solution of the problem (1),(2) with 
data (3) (^o,?!'o,^i) in the time interval / =_[0, |/0 with |/| = iY-K^-*^"")-. 
Namely, if we define ■= ^ + ip , (/>± := + we see that (■;/', 
solves the system (15), (16) with initial conditions ^(0) = -00 ) V'±(0) = 4'0±- 
This problem is equivalent to the original system (1), (2), (3). The initial data are 
transformed by (f)o± = (f)Q ± iA~^/'^^i or, conversely, by cjiQ = \{4>q+ + 4>o-) > 
= — 1^4^/^(00+ — 00-)- In order to continue the solution of (15), (16) we 
take as new initial data (^(|/|) + w{\I\),^+{\I\) + 2;+(|/|), 0^(|/|) + z_(|/|)) in- 
stead of {ipoi, 00+1) 00-1 )• When we have shown that this problem has a solution 

(0^,0+, 0_) in the interval [|/|,2|/|] with equal length |/| we insert this solution 
into the system (40), (41) in place of (V',0+,0-) and solve this problem with 
data (e^l-f|^Vo2,e-^l-^l^'^'0o+2,e^l-f|^''''0o-2)Jn 2|/|].The solution of the origi- 
nal system (1),(2) corresponding to (■0, 0^, 0_), denoted by {ip, 0), then obviously 
has the following initial data (using (13), (14)): 

m) = ^(0+(i/i)+ 041^1)) = ^(^+(1^1) +^-(1^1)) 

= 0(|7|) + ^(^+(|/|) + z.{\I\)) =: 0(|/|) + ^(|/|) 

= -'-aHm\i\) + z+m - 0-(i/i) - z^im 
= - IaHz+{\i\) - z_(|/|)) =: M\i\) + ^'m 

Adding up the solutions, we get a solution of the original problem in [|/|, 2|/|] as 
before. This defines an iteration process. At each step we have to ensure the same 
bounds on the initial data which were used in the first step. The replacement of 
(^^02 , 00+2 , 00-2) by (e*l^l^'0O2,e~*l^l^^^^0o+2,e*l-'^l^^''^0o-2) is harmless, because 
the i!f*-norms remain unchanged. The bounds on the data are controlled by 
the energy and the L^-conscrvation law (see (23), (27), (28)). Thus we have to 
estimate these quantities independently of the iteration step. This is easy for 
the L^-conserved quantity, the increment when replacing 0^01 by V'(|/|) + w{\I\) 
is given by 



i/i)+m/i)ii^. -iiv^oiiIli = \\m\)+M\mLi-\\m\)\\L^^ 

< ||u;(|I|)||l2 < caA^i-f (^^"^) 
by Proposition 5.2, where C2 = C2(c, M). 

The number of iteration steps in order to reach the given time T is jj^ = 
means that in order to get uniform control over the L - 
norm of '0,'0, •■• we have to ensure that c2rAr3(i-^^'")+A^3-3(^^'") < M, where 
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C2 = C2(2c, 2M) (remark that initially the L^-norm of ip was bounded by M). This 
is fulfilled for N sufficiently large if|(l-sAm) + | — |(sAm) < <^ s Am > |, 



which is fulfilled. 

Concerning the increment of the energy, we define z = ^{z+ + Z-) and estimate: 

\E{i;{\i\) + w{\i\), 4>m + 4>m) + ^'(i^D) - ^(v-oi, 'Aoi, ^ii)i 
= + ^(|/|), m) + m). m\) + z'm) - Emi\), m). Um\ 

< 2(11^(1/1)11 + ||V^(|/|)||)||Vm/l)|| + (Pi</)(|/l)|| + \\A^z{\I\)\\)\\A^z{\I\)\\ 

HwUm + ik'(i/i)ii)ik'(i/i)ii + / ^ i^(i/i)i mi\)+^m)?dx 



+ / \m)\ mi\)+^{\i\)v-mm 

JR3 



dx 



The first term is bounded by Proposition 5.2 and (33) by 
The second and third term are bounded by 

^^^l-sAm _|_ ^-i-(sAm)(§-^)-)jY-3-(«^H(i-i) 

using (32) and (70). Now 1-sAm > -5 - (s Am)(| - i) <^ | > (sAm)(i + i) 
which is fulfilled for 1 > s,m > ^. Consequently the following bound holds for 
the second and third term: cA''3~(*^™)(f "27). 

Using (71) and Proposition 5.2 the forth term is estimated as follows: 

.z(i/i)ii^(i/i) + w{\i\)\^dx < c\\z{\i\)h4mm% + Mimu 

< c||z(|/|)|U.(|lV^(|/|)f^...+|Kl/|)||2,,,,) 

< cAf-(*'^'")(A^2(l-sAm) _^ jY2(|-|(sAm))-) 

< gj\r2-3(sAm) 

Finally the fifth term is estimated by (32), Prop. 5.2 and (31) as follows: 

dx 

< ||0(|/|)||L«lk(|/l)llL^(IIV'(|/|)llL3 + lk(|/|)||L3) 

< iivv;(i/i)iiL^iim/i)iiL^(iiv~(i/i)iiiiivv^(i/i)iii. + ik(i/i)iiiiivm/|)ii|.) 

< c7V^-«/^"^Ar|-f(^^™)(ivi(i-*^™) + jvi(i-|(«/\™))Ari(f-|(*/^'"))) 
= cA/"^~*^"'ivt"t(*^™)(A^^"^('*^"') + iV2"i(*'^"')) 

because ^ — ^{s A m) > | — |(sAm) ifsAm> ^. 

Now, the forth term behaves better than the first one, because 



mm \m\) + wim' - mm' 

R3 
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2 - 3(s A m) < ^ - |(s A m) -^^ I < |(s A m) which holds for s A m > 3. 

Similarly, the fifth term is harmless compared to the first one, because 

¥ ~ A m) < ^ - l{s A m) 4^ I < ^{s A m) 4^ s A m > l- 

Thus the decisive terms are the first, second and third one. 

Concerning the first term the condition that ensures uniform control of the energy 

of (-0, 1^), (V'j ■•■ is the following: 

where C3 = C3(2c, 2M) (recall that the energy initially is bounded by cAT^C^"*^'")). 
This is satisfied for N sufficiently large provided 

|(1 - s Am) + ^ - |(s Am) < 2(1 - s Am) <^ | < |(s Am) <^ s Am > ^. Here 
is the point where the decisive bound on s A m appears. 

Concerning the second and third term the following condition has to be satisfied: 

This requires 

|(l-sAm) + | - (s Am)(|- 5j) < 2(l-s Am) < (s Am)(l-^) s > 5. 
The uniform control of the energy implies by (27), (28) uniform control of the 

L^-norm of (Vi/', ^^0, ^^),(VV', A^^, ... . 
We have proven 

Theorem 6.1 Let 1 > s,m > ^ , s + m > |. The system (1),(2),(3) with data 

(V'o,0o,</'i) e H'^'^iB?) X iJ"^'2(R3) X iJ"*-i'2(R3) 

has a unique global solution. More precisely, for any T > there exists a unique 
solution 

{i^,(p,(pt) GX"'5+[o,r] xX'"'^+[o,r] x x"*-^'5+[o,r]. 

This solution satisfies 

{ip,<l),(l)t) € C°([0,r],i7*'2(R3) X if"'2(R3) X F'"-i'2(R-^)) 

Here X"''^+[0,T] := X+'^+[0,r] + X?'^+[0,r]. 

Remark: The difference between the solution {ip, (f), 4>t) of the nonlinear problem 

(1),(2),(3) and the corresponding linear problem belongs to the space 

i?^'2(R^) X L2(R^). This smoothing property (which is charateristic for the 

method) follows from Proposition 5.2 and 5.3. 
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